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Recall Plateau'sProblem Given simple closed curve TE 1133
i

7 minimal surface 2 with 22 T which is area minimizing

P Deouglas Rado Thm

Any such T bounds an area minimizing disk

u D 71133 Area U fluxiiuyi cux.mydxdyUa UzUz D
yhoc Energy u Iz f ITuidxdyD
Xp fallsucha D

Last time inf Area a inf Energy u
uCXp UEXp

Proof of Douglas Rado Thm

Step 1 Given any Ulyp 3D T monotone onto we can find

an energy minimizing harmonic map un D 1123 with

prescribed boundary value

Note Solving the Dirichlet problem for Dui o Ue Cain u3

which is smooth in D

Step2 Minimize among all boundary parametrizations

IngredientA Normalization of boundary parametrizations
Recall Conf D is non apt

u satisfiesC11cz Energya

3 point Lemma Consider F fu D 1133 I set up qi is 2,3
B

Px Is T ful 3D T UEF is anequi ctsfamily

IIE
THEN

x x 2Pz Pz Refs CM Lemma 4.1 d 4.14



Ingredient B Courant Lebesgue Lemma t
K

Suppose u D 1133 UE ECE n W CD Energy a E 2 ucp

Then V 8 C Co 1 I f e CS MS s t

K 810 Up
Length ucce E 4T o rs Ecu sk

logs g
2 Ucce

Cg D

Finally if Uj is a minimizing seq of harmonicmaps on D satisfying
the 3 point condition then

Azela Max

Ujlap equi cts I subseq uniform Un D 21133 Harmon

Ascoli limit Uj u on 3D principle is the desired
energyminimirer

b

Remaining Question Existence of branch points

Remark Gulliver 73 interior branch pts ie immersion

OpenQuestion I boundary branchpoints

Remark The mapping approach can be used to construct
minimal

spheres or incompressible minimal surfaces in
Riemannian

manifolds Cf Sacks Uhlenbeck 81 Schoen Yau 79

Some Drawbacks
these min surfacesonly be immersed not nec embedded

c f Meeks Yau 1980s

method only works for 2 dim surfaces
c f B White 1980s

need to restrict the topology of the min
surface a priori

annulus
Eg I r n

ti I
stable stable unstable



Q Is there a more general approach that works in

any dimension codimension in Riem setting

Eg Consider the following
et T E 1B be a closed Ck 1 dim embedded submanifold

Problem Find k dim surfaces E E IR with ZE T set

I 2 I inf fl 51 2E T 3 x

Direct Method fix a min seq II I sit Kim1271 a

Q1 Compactness subseq Ei some sense 22 7

Q2 Lower semi continuity 121 E mo lEi't

key what class of surfaces are we looking at

One Answer Integral currents by de Rham Federer Fleming
mm mmmm

Overview of Integral Currents

Ref L Simon Lectures on Geometric
Measure Theory

Key Idea Want a notion of surfaces which allow singularities

multiplicities orientation

The desired objects are currents Cin R

k dimensional

T S integer rectifiable

f 4 current

subset
sptT

multiplicity
orientation



Hausdorff measure

where S E B is a k rectifiable set i e 7th S e too

and 7 bad points E E S s t 7th E o and

S l E E Mak whee Mak
k din C embedded

submanifold

E g E Fact S has a tangentspace
i Tics defined a e

S

S Ezo non negative Z valued Ak measurable function
L

I b SEg 2 ai

feet
3 hdime

esque
unit Ics EIR

S f simple Eg
eyeh vector R s't

g seeCX assigns an orientation

of Ics a e 3cm einez

KeyProperty 1 we can integrate smooth k forms w cRYER
w 2 form

on a K dim rectifiable current T in IR inops

1 w W 3 1 acid
T E

SwduCx

Note T is a linear functional on RECIR

mm weak topology i e Ti T iff Ti w 1 w t w C Noir



Define 1M T n sup f Tcw we REAR l w la E 1

mass of T area countingmultiplicities

Cally 1MW T mass of T inside W C B

Key properly 2 7 a notion of boundary for currents

2 f k current f ch c current

TT y T dy t n eNICKI

i e Stokes Thm hold for currents d7 7

Remark d o for forms I 0 for currents

Def A k current T is said to be a cycle if 2T 0

Definition If T 2T are integer rectifiable currents

then we say that T is an integral current

Some Useful Theorems for Integral Currents

Compactness Theorem Let Tj be a seq of k dim integralcurrents

St
Sgp lMwTj Mw 2T to t w ca B

THEN I k dim integrant T and a subseq Tj T
I

Actually 2Tj 2T since 2 is cts w r t weak topology



Lower Semi continuity Theorem

j T 1MwCT e him 1MWTj twerp
j a

Note Mass can jump down in the weak limit

masscancellation
dueto oppositeorientation

Eg 1 I A massdrops s

T Tz T3 T

2 massEg 2 s s s d
7 g Cts
Tz IlI i

Homology IsomorphismTheorem The boundaryoperator 2 on

integral currents recall 22 0 defines a homology theory
isomorphic to the singular homology with Z coefficients

Note Sanne also holds for other coefficient e.g Zz

Federer Fleming Thm

Given any k i d m smooth closed embedded submfd I E B

then I k dim integral current T in IR which minimizes

mass among all k dim integral currents T with 2T I
e

as Ch a current

How regular smooth is the minimizer T


